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This paper provides solutions for the stress and displacement ﬁelds induced in a half-space
by an edge dislocation of constant magnitude, where the dislocation line is a circular ring
lying in a plane parallel with the free surface. Two types of edge dislocations are consid-
ered; the prismatic form with a displacement discontinuity vector normal to the surface
and cases with radial dislocation vectors. The latter are not true Volterra dislocations
and produce different results for different path cuts these effects are investigated in some
detail. The primary application of these results is for analysis of axisymmetric problems –
the radial dislocations would be impossible in ﬁnite material.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
We recently presented the solution for the states of stress and displacement for the family of ring dislocations present
in an inﬁnite space (Paynter et al., 2007). That paper describes, in some detail, the basic principles behind the creation of
dislocations, using a cylindrical coordinate set, for those having a Burgers vector in the axial direction (bz), and those hav-
ing a vector in the radial direction (br). The former are true Volterra dislocations, so that the elastic ﬁelds are independent
of the path cut chosen (to within a rigid body displacement), whilst the latter do not have this attribute. Three alternative
path cuts were considered for the dislocation with a radial vector, viz. (1) a semi-inﬁnite cylinder from the dislocation ring
to inﬁnity in either direction, and with a thin tube of material of wall thickness br inserted, (2) a path cut over the disk
within the loop, with a corresponding shear displacement which increases linearly with radius, and (3) a path cut over the
anti-disk exterior to the dislocation loop, and with an attendant shear slip displacement which decreases inversely pro-
portional to radius. The choice of path cut is extremely important when the dislocation is used as a strain nucleus in solv-
ing a crack or plasticity problems, because it must follow the crack or plasticity patch being modelled, and may not stray
into the elastic continuum, which is to be preserved. In this paper we wish to extend the results of the original paper to
the case when the dislocation loop exists within a half-space, and where the plane of the loop is parallel with the free
surface of the half-space (Fig. 1). This conﬁguration is of great practical value, because it ﬁnds application to the solution
of a penny crack parallel with the free surface (Paynter et al., 2006), tubular cracks normal to the surface, or interfacial slip
problems; for example those associated with shrink-ﬁt conditions. Because the dislocation solution accurately incorpo-
rates the traction-free surface condition, it is very well suited to problems where the feature lies very close to the free
surface, for example when a thin ﬁlm is adhered to an elastically similar substratum, save for a circular void, giving
the blister problem (Farris and Keer, 1985).
The original problem, for the inﬁnite space, was cast in the form of Papkovich–Neuber potentials, and, although the initial
effort involved was signiﬁcant, the approach lends itself well to adaptation to accommodate additional boundary conditions,
as here. In particular, (Aderogba, 1976) has shown how to adapt an inﬁnite space solution to the problem of two elastically. All rights reserved.
.H. Paynter).
Fig. 1. Geometry of half-space ring dislocations and path cuts.
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Aderogba’s formalism, and it is his recipe which we shall follow.
The principal previously published solution to this problem was also presented by (Korsunsky, 1996b) and, for the pris-
matic Volterra dislocation (bz) it is correct, but there was again insufﬁcient attention paid to the question of the path cut for
the radial dislocation, as noted by (Paynter et al., 2007) for the inﬁnite space solution, and it is this feature which is empha-
sized here, using an extension to the formulation previously employed. The problem to be solved is depicted in Fig. 1; it con-
sists of an edge dislocation where the dislocation line is a circle of radius a, at a constant depth d below the free surface. On
this occasion, there are four relevant possible path cuts, as the cuts along the cylinder r = a are no longer equivalent in the
two directions proceeding from the plane of the loop (‘‘c” and ‘‘e”) and these must have different treatments, in addition to
the two cuts in the dislocation plane (‘‘o” and ‘‘i”).2. Formulation: Papkovich–Neuber potential functions
The most general Papkovich–Neuber potential functions have four components: one is a scalar function and the oth-
ers are components of a vector, corresponding to orthogonal coordinates. For a simply connected region there is redun-
dancy and at least one component can be dropped. In this problem complete generality of the ﬁeld is not required,
because of its inherent axisymmetry. There can be no h-direction displacement, and hence the stress components
rrh, rhz must also vanish everywhere whilst the corresponding potential component may be dropped. We thus employ
a reduced form of the potentials, with only the z component of the vector potential (/), together with the scalar poten-
tial (w). Provided the functions to be used as potentials are harmonic the resulting elastic ﬁelds satisfy the equilibrium
and compatibility equations.
The elastic ﬁelds, expressed in cylindrical coordinates, are related to the potentials as follows:
Displacements2lur ¼ z/;r  w;r ð1Þ
2luz ¼ j/ z/;z  w;z ð2Þ
2luh ¼ 0 ð3ÞStressesrrr ¼ 12 ð3 jÞ/;z  z/;rr  w;rr ð4Þ
¼ 1
2
ð3 jÞ/;z þ z/;zz þ
z
r
/;r þ w;zz þ
1
r
w;r ð5Þ
rzz ¼ 12 ðjþ 1Þ/;z  z/;zz  w;zz ð6Þ
rrz ¼ 12 ðj 1Þ/;r  z/;rz  w;rz ð7Þ
rhh ¼ 12 ð3 jÞ/;z 
z
r
/;r 
1
r
w;r ð8Þwhere j is 3  4m (m= Poisson’s ratio), l is the modulus of rigidity and subscripts after the comma denote variables of
differentiation. There are two equivalent versions of the radial stress; the second is more convenient to use because
differentiation with respect to r occurs only once.
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In what follows we re-set the origin of the coordinate system at the point where the axis of symmetry intersects the free
surface, with the material in the positive half-space (z > 0). The original coordinate system, for the inﬁnite space dislocations,
had its origin at the centre of the dislocation rings. The translated, by distance d, potential functions are given by/ðr; z;dÞ ¼ /0ðr; z dÞ ð9Þ
wðr; z;dÞ ¼ w0ðr; z dÞ  d/0ðr; z dÞ ð10Þwhere the primed set refers to the potential functions in the original coordinates. The validity of these expressions may be
tested by substitution into the relationships above for displacement or stress (Eqs. (1)–(8)).
2.2. Aderogba’s theorem
A very powerful theorem, due to (Aderogba, 1976), permits a solution for any elasticity problem developed in a homo-
geneous inﬁnite space, and expressed in terms of Papkovich–Neuber potentials, to be re-formulated for use in a half-space
which is perfectly bonded to a further, elastically dissimilar, half-space. We shall assume that the second half-space (z < 0)
has vanishing elastic constants, as this is the most frequently occurring conﬁguration encountered. With this specialisation
the theorem provides a new set of potentials, here given the superscript (1), to be found from the original potentials, shown
without a superscript. This process was discussed by (Korsunsky, 1996b) and gives, in the positive half-spacewð1ÞðzÞ ¼ wðzÞ þ jwðzÞ þ j
2  1
2
Z
/ðq zÞdz ð11Þ
/ð1ÞðzÞ ¼ /ðzÞ þ j/ðzÞ þ 2 o
oz
wðzÞ ð12ÞThe radius argument has been omitted, for clarity, as it is not affected by these operations; this convention will be con-
tinued, throughout the rest of the paper.
The translated inﬁnite space potential functions (Eqs. (9) and (10)) can be substituted in to give the half-space potentials
required, in terms of the original full space potential functionswð1Þðz; dÞ ¼ w0ðz dÞ  d/0ðz dÞ þ jðw0ðz dÞ  d/0ðz dÞÞ þ j
2  1
2
Z
/0ðz dÞdz ð13Þ
/ð1Þðz; dÞ ¼ /0ðz dÞ þ j/0ðz dÞ þ 2 o
oz
ðw0ðz dÞ  d/0ðz dÞÞ ð14Þ
The formulae are now, in effect, a combination of the original function, at depth d in the material, and a reﬂected image
function, at depth d in the void space.
2.2.1. Validation
It is not possible, here, to demonstrate in detail why Aderogba’s theorem works, for which his original papers should be
consulted, but a brief exposition of its validity for our problem is compelling. We are interested in the traction components of
stress, rrz and rzz, which must be zero at the free surface.
Substituting the formulae for the general half-space potentials (Eqs. (11), (12)) into the expression for the stress normal to
the surface, rzz, (Eq. (6)) givesrzz ¼ jþ 12
d
dz
f/ðzÞqþ j/ðzÞ þ 2wðzÞ;zg  z
d2
dz2
f/ðzÞ þ j/ðzÞ þ 2wðzÞ;zg
 d
2
dz2
wðzÞ þ jwðzÞ þ j
2  1
2
Z
/ðzÞdz
 
ð15ÞThe middle line of terms will clearly be zero at z = 0, whilst the remainder add up torzz ¼ jþ 12
d
dz
f/ðzÞ þ /ðzÞg þ d
2
dz2
fwðzÞ  wðzÞg ð16ÞAssume that the functions /(z), w(z) have parts that are odd in z and parts that are even in z. Then the ﬁrst derivative of
the sum of the original and its reﬂection, in the top line of the formula, will be zero, and the second derivative of the differ-
ence in the bottom line will be zero on z = 0, so the normal traction at the free surface is zero, as required.
Similarly, substituting into the expression for shear stress (Eq. (7)) givesrrz ¼ j 12
d
dr
f/ðzÞ þ j/ðzÞ þ 2wðzÞ;zg  z
d2
dzdr
f/ðzÞ þ j/ðzÞ þ 2wðzÞ;zg
 d
2
dzdr
wðzÞ þ jwðzÞ þ j
2  1
2
Z
/ðzÞdz
 
ð17Þ
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d
dr
f/ðzÞ  /ðzÞg  d
2
dzdr
fwðzÞ þ wðzÞg ð18Þwhere application of similar arguments makes it clear that this is also zero on z = 0, as required.
2.3. Inﬁnite-space dislocation solutions
It is neither possible, nor appropriate, to re-derive the solutions for the inﬁnite-space potentials in detail here, for which
the original article (Paynter et al., 2007) should be consulted. The solutions of the dislocation kernel potentials and elastic
ﬁelds are expressed as generalised forms of Lipschitz–Hankel integrals. The formulae for these are based on the deﬁnitions
given by (Eason et al., 1955) as algebraic combinations of complete elliptic integrals.
The basic deﬁnition of the Lipschitz–Hankel integrals is as an integral of a product of Bessel functions (of the ﬁrst kind)
together with exponential and power order termsIl;m;kða; r; zÞ ¼
Z 1
0
JlðanÞJmðrnÞ expðznÞnkdn ð19ÞThis integral exists only when the third argument is positive (z > 0) and the sum of the parameters is greater than 1
(l + m + k > 1). This is too restrictive and as explained in (Paynter et al., 2007), the Eason et al. deﬁnitions of the functions
can be modiﬁed to allow evaluation when z < 0 and the direction of the branch-cut, that occurs with certain combinations of
the parameters, can be chosen. In our use of the functions the arguments correspond to the radius of the ring dislocation (a),
the radial coordinate (r) and the height relative to the dislocation (z  d or z + d).
To apply Aderogba’s method we need both to differentiate and to integrate the Lipschitz–Hankel integrals with respect to
z. This is fairly straightforward, as this variable appears only as the argument of the exponential term in the integrand, in
combination with the power term. This results ino
oz
expðznÞnk ¼  expðznÞnkþ1 ð20ÞZ
expðznÞnkdz ¼  expðznÞnk1 ð21ÞDifferentiation or integration with respect to z is thus effected by multiplying the whole expression by 1 and, respec-
tively, increasing or decreasing the power of k by one, so thato
oz
Il;m;kða; r; zÞ ¼ Il;m;kþ1ða; r; zÞ ð22ÞZ
Il;m;kða; r; zÞdz ¼ Il;m;k1ða; r; zÞ ð23ÞIn order to determine the displacements and stresses derivatives with respect to r are also needed. We need only the case
when the argument m is zero, for which the result stems from the derivative of the Bessel function, viz.o
or
J0ðrnÞnk ¼ J1ðrnÞnkþ1 ð24Þ
o
or
Il;0;kða; r; zÞ ¼ Il;1;kþ1ða; r; zÞ ð25ÞThus, pursuing similar reasoning to that above, we see that the derivative with respect to r is obtained by multiplying the
whole expression by 1, setting the second order parameter to 1 and increasing the power of k by one.
The functions used for Papkovich–Neuber potentials must be harmonic; Lipschitz–Hankel integral functions have this
property when the second parameter, m, is zero. In the formulae for the potential function, in the following sections,
it will be seen that they are indeed composed of linear combinations of Lipschitz–Hankel integrals with m = 0, as
required.
The Lipschitz–Hankel integrals, as now deﬁned, are smooth functions over most of the r,z region. However, when
jl  mj > k there is a discontinuity. Speciﬁcally, when l > m the discontinuity lies in the region r < a, effectively deﬁning
the curved surface of a cone with a base of radius a, on z = 0. When l < m the discontinuity lies in the region r > a
effectively deﬁning the curved surface of a frustum with inner edge of radius a, on z = 0, the outer edge being at
inﬁnity. In these cases we include an additional argument which indicates the angle that the discontinuity makes with
the z = 0 plane. The maximum value for this angle is p/2, in which case the discontinuity occurs on the surface of a
cylinder.
Another property related to symmetry in the z direction is useful when manipulating the formulae. When the sum of the
parameters (l + m + k) is even the function is symmetric in z and when the sum is odd the function is antisymmetric in z.
When a discontinuity occurs these symmetries perpetuate for all radii when a = 0 and in the continuous zone when a is other
than zero.
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plete elliptic integrals in the appendix of (Paynter et al., 2007), and the additional deﬁnitions required for the half-space
problem are given in Appendix A of this paper.3. Ring dislocation solutions
In this section solutions are given for the various kinds of dislocation, deﬁned in a half-space. For each the boundary con-
ditions are speciﬁed, the full space potential function is given, followed by the half-space potential and ﬁnally selected elastic
ﬁelds. The axial dislocation is given ﬁrst and this is used as an example for the operations described above. Solutions for the
radial dislocation are derived next; these depend signiﬁcantly on the path cut chosen, and four forms are given, one of which
requires derivation of new components of the formulae.
The coordinates will be normalised with respect to the radius of the dislocation ring (a). We will use Greek characters for
the normalised radial and axial coordinates and the depth of the ring, with the respective dimensional quantities denoted by
the corresponding Latin letters:q ¼ r=a; f ¼ z=a; d ¼ d=a ð26Þ
Further, a is used as an additional argument to deﬁne the path cut direction. It is the angle the cut makes with the z = 0
plane, and is positive when pointing towards positive z; it corresponds to the discontinuity in the Lipschitz–Hankel integrals,
where they occur. The argument awill only be included when relevant. Similarly, in most cases the radial coordinate is omit-
ted, for clarity.
The solutions have been normalised by the magnitude of the corresponding dislocation vector. An additional subscript
ujjk(q,f) is used to denote the discontinuity occurring in a displacement component; the subscript after the vertical line indi-
cating the direction normal to the path cut surface.
3.1. The axial dislocation (bz)
The boundary conditions are: a constant discontinuity in the axial component of displacement, of magnitude bz, and con-
tinuity of tractions along the path cut. In fact it will be found that only continuous Lipschitz–Hankel integrals are found in
the formulae for stress, so this requirement is satisﬁed everywhere. The discontinuity may be expressed as uzjz(q < 1,f = d)=bz.
This basic solutions for the full space (Kroupa, 1960), half-space (Basteck, 1964) and isotropic bimaterial (Salamon and Dun-
durs, 1971; Dundurs and Salamon, 1972) have been known for some time but these papers do not discuss the effect of path
cut. It is included here to provide a complete set in the same terms, and as a guide because it does not have path cut depen-
dency on the stresses.
As the axial component of displacement is affected by path cut the angle argument is retained. The Papkovich–Neuber
potentials for the full space ring dislocation with Burgers vector in the axial direction arezw
0ðf;aÞ ¼ 2l
jþ 1
j 1
2
aP1;0;1ðf;aÞ ð27Þ
z/
0ðf;aÞ ¼  2l
jþ 1 P1;0;0ðf;aÞ ð28ÞWe substitute these into the formulae (13) and (14) to translate and apply Aderogba’s theorem, to givezw
ð1Þðf; d;aÞ ¼ 2la
jþ 1
j1
2 P1;0;1ðf d;aÞ þ dP1;0;0ðf d;aÞ
þj j12 P1;0;1ðf d; j a jÞ þ dP1;0;0ðf d; j a jÞ
 
 j212
R
P1;0;0ðf d;aÞdz
2
64
3
75
z/
ð1Þðf; d;aÞ ¼ 2la
jþ 1
P1;0;0ðf d;aÞ  jP1;0;0ðf d;aÞ
þ2 ooz j12 P1;0;1ðf d;aÞ þ dP1;0;0ðf d;aÞ
 
" #expand terms, carry out the calculus operations and tidy, which results inzw
ð1Þðf; d;aÞ ¼ 2laðjþ 1Þ
j1
2 P1;0;1ðf d;aÞ þ dP1;0;0ðf d;aÞ
 j12 P1;0;1ðf d; j a jÞ þ jdP1;0;0ðf d; j a jÞ
" #
ð29Þ
z/
ð1Þðf; d;aÞ ¼ 2laðjþ 1Þ ½P1;0;0ðf d;aÞ  P1;0;0ðf d; j a jÞ þ 2dP1;0;1ðf dÞ ð30ÞThese are the Papkovich–Neuber potentials required, for the half-space. To obtain the components of displacement
induced we substitute these into Eqs. (1) and (2), to give
R.J.H. Paynter, D.AA. Hills / International Journal of Solids and Structures 46 (2009) 412–432 417 z½P1;0;0ðf d;aÞ  P1;0;0ðf d;aÞ þ 2dP1;0;1ðf dÞ;r
ðjþ 1Þur ¼ 
j1
2 P1;0;1ðf d;aÞ þ dP1;0;0ðf d;aÞ
 j12 P1;0;1ðf d;aÞ þ jdP1;0;0ðf d;aÞ
" #
;r
j½P1;0;0ðf d;aÞ  P1;0;0ðf d;aÞ þ 2dP1;0;1ðf dÞ  z½P1;0;0ðf d;aÞ  P1;0;0ðf d;aÞ þ 2dP1;0;1ðf dÞ;z
ðjþ 1Þuz ¼ 
j1
2 P1;0;1ðf d;aÞ þ dP1;0;0ðf d;aÞ
 j12 P1;0;1ðf d;aÞ þ jdP1;0;0ðf d;aÞ
" #
;zThe differentiations are carried out and, after collecting terms, givezurðf; dÞ ¼  1jþ 1
j1
2 P1;1;0ðf dÞ  ðf dÞP1;1;1ðf dÞ
 j12 P1;1;0ðf dÞ  ðf jdÞP1;1;1ðf dÞ
þ2fdP1;1;2ðf dÞ
2
64
3
75 ð31Þ
zuzðf; d;aÞ ¼ 1jþ 1
jþ1
2 P1;0;0ðf d;aÞ þ ðf dÞP1;0;1ðf dÞ
þ jþ12 P1;0;0ðf d; j a jÞ  ðfþ jdÞP1;0;1ðf dÞ
þ2fdP1;0;2ðf dÞ
2
64
3
75 ð32ÞNote that the parts of the formulae that depend on cut angle are indicated by the inclusion of the angle argument (a), and
in the image part the magnitude of the angle (jaj) is used; this ensures that the path cut of the image does not interfere with
the region we are interested in.
The stress ﬁelds can be obtained in a similar manner by use of Eqs. (4)–(8) to give:zrrrðf; dÞ ¼  2lðjþ 1Þa
P1;0;1ðf dÞ  ðf dÞP1;0;2ðf dÞ
þ ðfdÞq P1;1;1ðf dÞ  j12q P1;1;0ðf dÞ
P1;0;1ðf dÞ  ðf 3dÞP1;0;2ðf dÞ
þ ðfjdÞq P1;1;1ðf dÞ þ j12q P1;1;0ðf dÞ
þ2fdðP1;0;3ðf dÞ þ 1q P1;1;2ðf dÞÞ
2
6666666664
3
7777777775
ð33Þ
zrzzðf; dÞ ¼  2lðjþ 1Þa
P1;0;1ðf dÞ þ ðf dÞP1;0;2ðf dÞ
P1;0;1ðf dÞ þ ðfþ dÞqP1;0;2ðf dÞ
2fdP1;0;3ðf dÞ
2
64
3
75 ð34Þ
zrrzðf; dÞ ¼  2lðjþ 1Þa
ðf dÞP1;1;2ðf dÞ
ðf dÞP1;1;2ðf dÞ þ 2fdP1;1;3ðf dÞ
 
ð35Þ
zrhhðf; dÞ ¼ 2lðjþ 1Þa
3j
2 fP1;0;1ðf dÞ  P1;0;1ðf dÞg
 j12q fP1;1;0ðf dÞ  P1;1;0ðf dÞg
þ fdq P1;1;1ðf dÞ  fdjq P1;1;1ðf dÞ
dð3 jÞP1;0;2ðf dÞ  2dfq P1;1;2ðf dÞ
2
666664
3
777775 ð36ÞThe axial component of displacement (uz) is the only component dependent on path cut angle, because it contains the
Lipschitz–Hankel function (P1,0;0). The discontinuity is a uniform step along the path cut; when a = 0 this the circular region
inside the ring, when a = +p/2 this is a cylindrical surface from the ring to inﬁnity - for this particular dislocation any angle in
the range (p/2 6 a 6 p/2) may be chosen allowing the discontinuity to be deﬁned by a conical surface. As also happens
with the full space solution neither the radial displacement component nor the stress ﬁelds depends on path cut angle,
and so the angle argument is not needed.
3.2. Radial dislocations
The choice of path cut for the radial dislocations is very important, because it gives substantially different solutions. These
require different orders of the Lipschitz–Hankel integrals. Those dislocation with path cuts on the same plane as the dislo-
cation ring are the most straightforward, and so will be considered ﬁrst.
3.2.1. Radial dislocation, path cut outside ring ðbor Þ
The full space result was given by (Korsunsky, 1996a), but unfortunately the boundary conditions he quotes in the
paper do not match the ﬁnal (correct) solution. The dislocation is deﬁned by a shear displacement on the plane of the
dislocation ring, in the region outside the ring. The magnitude is such that the discontinuity at the radius of the ring
corresponds to the dislocation magnitude ðbor Þ and outside the ring the radial displacement discontinuity is inversely
418 R.J.H. Paynter, D.AA. Hills / International Journal of Solids and Structures 46 (2009) 412–432proportional to radius ðurjzðq > 1; f ¼ dÞ ¼ bor =qÞ. As the path cut is on the z = d plane the direct axial stress rzz and the
shear stress rrz are required to be continuous across this line. This path cut is ﬁxed at an angle (a) of zero, but as these
formulae will be used again later, with a different angle, the argument is retained as a variable. The full space Papkovich–
Neuber potentials arerw
oðf;aÞ ¼ laP0;0;1ðf;aÞ ð37Þ
r/
oðfÞ ¼ 2l
jþ 1 P0;0;0ðfÞ ð38ÞUpon substituting the potentials into the Aderogba formulae we ﬁnd that, for the half-space, the potentials arerw
oð1Þðf; d;aÞ ¼ 2la
jþ 1
 jþ12 P0;0;1ðf d;aÞ  dP0;0;0ðf dÞ
 jþ12 P0;0;1ðf d; j a jÞ  jdP0;0;0ðf dÞ
" #
ð39Þ
r/
oð1Þðf; d;aÞ ¼ 2l
jþ 1 ½P0;0;0ðf dÞ  P0;0;0ðf dÞ  2dP0;0;1ðf dÞ ð40ÞThe results for the displacement and stress ﬁelds are found from the Papkovich–Neuber relationships (Eqs. (1)–(8)) and
these are given in Appendix B
3.2.2. Radial dislocation, cut inside ring ðbirÞ
This dislocation is deﬁned by a shear displacement on the plane of the dislocation ring, in the region inside the ring. The
radial displacement discontinuity is directly proportional to the radius ðurjzðq < 1; f ¼ dÞ ¼ birqÞ. A full space solution was
given, in part, by (Kolesnikova and Romanov, 2003) but they did not provide the potentials. The form is similar to the
‘outer-cut’ dislocation and its Papkovich–Neuber potentials (given in (Paynter et al., 2007)) arerw
iðf;aÞ ¼ laP2;0;1ðf;aÞ ð41Þ
r/
iðf;aÞ ¼  2lðjþ 1Þ P2;0;0ðf;aÞ ð42ÞAderogba’s theorem provides the following solutions for the half-space potentialsrw
oð1Þðf; d;aÞ ¼ 2a
jþ 1
jþ1
2 P2;0;1ðf d;aÞ þ dP2;0;0ðf d;aÞ
þ jþ12 P2;0;1ðf d; j a jÞ þ jdP2;0;0ðf d; j a jÞ
" #
ð43Þ
r/
oð1Þðf; d;aÞ ¼ 2
jþ 1 ½P2;0;0ðf d;aÞ þ P2;0;0ðf d; j a jÞ þ 2dP2;0;1ðf d; j a jÞ ð44ÞThe displacement and stress ﬁelds are given in Appendix B.
3.2.3. Radial dislocations with cut along a cylindrical surface
When the dislocation path cut is parallel to the axis, i.e. along a cylinder, this may be thought of as a ‘‘climb” dislocation. A
cylindrical cut is made in the material from inﬁnity to the plane of the dislocation ring, a tube of ﬁxed wall thickness of extra
material (br) is inserted and the surfaces rejoined.
Consider the situation remote, in the axial (z) direction where the tube was inserted: the solution may be found using
plane strain analysis. Material within the cylinder displaces inwards, by an amount proportional to the radius, and the mate-
rial outside the ring displaces outwards, by an amount inversely proportional to the radius. Outside the cylinder the radial
and tangential strains are equal in magnitude but of opposing sign, and so the axial stress is zero, for any value of Poisson’s
ratio. However, inside the cylinder the strains are equal and of the same sign, giving rise to an axial stress. A remote axial
traction must therefore be applied to constrain the inner material. This is equivalent to an axial traction, internal to the body,
uniformly distributed over the circular cross section of the cylinder.
The formulae for the full space solutions to the cylindrical cut problems are found to be a composite of the above two
solutions (outer and inner plane cuts) together with the solution for an axial traction. The formulae must be evaluated with
the angle argument, a, set to ±p/2 which corresponds to the cylinder surface perpendicular to the ring plane: when the cut is
away from the free surface of the half-space we set a = +p/2, and when the path cut goes from the ring towards the free sur-
face we set a = p/2. In the latter case a uniform pressure must be applied to the disk, where the dislocation ring is projected
onto the surface of the half-space, to rid the free surface of direct tractions.
These dislocations are examples of those where the usual requirement that the state of stress moving away from the
dislocation line should decay to zero is violated. In the direction of the path cut there are radial and axial stresses
remaining inside the cylindrical core, and in the region immediately surrounding it, however remote the observation
point is from the dislocation ring. Nevertheless the stresses do decay with increasing radius and in the opposite z-
direction.
We will treat the additional axial traction problem ﬁrst and then give the combinations of solutions needed for the two
types of cylindrical-cut climb dislocations.
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The solution we need is equivalent to an axial traction applied to a cross section of material within a tubular crack, where
the surfaces remain in contact but have perfect lubrication. The full-space solution was found by integration of a uniformly
distributed force (the Kelvin solution), acting in the z direction (fz), over a circular surface. Details of the integration are given
in (Paynter et al., 2007) and the resulting solution is found as a Papkovich–Neuber potential function, again in terms of a
Lipschitz–Hankel integral. As the formulation has its origins in the Kelvin problem it is given a pre-subscript of ‘‘K”. The po-
tential function isK/
0ðf;aÞ ¼ fa
jþ 1 P1;0;1ðf;aÞ ð45ÞThis is the vector potential; the scalar part is zero. When this component is substituted into the Aderogba formulae (13),
(14) we ﬁnd the half-space potential functions to beKw
ð1Þðf; d;aÞ ¼ fa
jþ 1
dP1;0;1ðf d;aÞ  jdP1;0;1ðf d; j a jÞ
þ j212 P1;0;2ðf d; j a jÞ
" #
ð46Þ
K/
ð1Þðf; d;aÞ ¼ fa
jþ 1
P1;0;1ðf d;aÞ þ jP1;0;1ðf d; j a jÞ
2dP1;0;0ðf d; j a jÞ
 
ð47ÞThe corresponding elements of the state of stress and displacement ﬁelds can be found in Appendix B.
The potential functions and elastic ﬁelds depend on the path cut direction. When a = 0 this is equivalent to an internal
traction applied to the disk deﬁned by the dislocation ring. When a = +p/2 this is equivalent to the solution where the trac-
tion is applied inﬁnitely remotely to a cylindrical plug in contact with a hole in the material. When a = p/2 the path cut
goes to the free surface and the solution is equivalent to pressure applied to the end of a perfectly sliding plug. This contra-
venes the boundary condition of zero traction at the free surface, so a corrective traction is needed.
3.2.5. Uniform surface pressure fB
To correct the axial solution at the surface a uniform pressure must be applied where the path cut meets the free surface.
This can be achieved by integration of a point force applied at the free surface, i.e. an integration of the Boussinesq problem.
We already have the solution to this problem in the form of the axial traction (Kelvin) solution, provided the depth argument
is set to zero (d = 0). The resulting formulae areBw
ð1ÞðfÞ ¼ fBaj 12 P1;0;2 f;
p
2
 	
ð48Þ
B/
ð1ÞðfÞ ¼ fBaP1;0;1 f;p2
 	
ð49Þwhere ‘‘B” is used as pre-subscript.
The Lipschitz–Hankel Integrals in the solution are affected by the path cut, but as we use this result only when a ¼  p2 the
effects in the fP 0 region are not seen. The displacements and stresses can again be found by using the Kelvin formulae with
d = 0 and a ¼  p2. They are also given in Appendix B. Now we have the required components we can combine them to create
the radial ‘‘climb” dislocations.
3.2.6. Radial dislocation, cylindrical path cut, away from surface ðbcr Þ
As the cut is towards the interior or Core of the material a superscript ‘‘c” is used to denote this solution, for consistency
with the full space notation. The boundary condition to be satisﬁed is a discontinuity in the radial component of displace-
ment that is constant along the length of the path cut ðurjrðq ¼ 1; f > dÞ ¼ bcr Þ. The stress components rrr and rrz must be
continuous across the path cut.
The solution is a composite of the results for the radial dislocation solutions with path cuts outside and inside the ring (bor
and bir above) together with the axial traction solution. The angle variable in the formulae is set to +p/2. The proportions of
each part are found by considering the Lamé type solution of an inﬁnitely long tube (of thickness wall s) inserted into a tubu-
lar cut (of radius a) in the material; using a plane strain analysis (on a z = constant plane) this gives the following solutions
for displacements and stresses:Inner region Outer regionr < a r > a
ur  j1jþ1 ra s 2jþ1 ar s
rrr  4laðjþ1Þ s  4lar2ðjþ1Þ s
rzz  2lð3jÞaðjþ1Þ s 0
rhh  4laðjþ1Þ s 4lar2ðjþ1Þ s
When the displacements are evaluated as r? a from the inside and outside the contribution from each indicates the pro-
portion of the corresponding dislocation solution to use, whilst the axial stress (r < a) tells us the amount of the axial traction
solution required. Taking care of signs in the deﬁnitions for the dislocation and traction solutions, we ﬁnd that the overall
expression for the cylinder climb solution is
Potentials
420 R.J.H. Paynter, D.AA. Hills / International Journal of Solids and Structures 46 (2009) 412–432rw
cðf; dÞ ¼ j 1
jþ 1 rw
i f; d;
p
2
 	
þ 2
jþ 1 rw
o f; d;
p
2
 	
 2lð3 jÞ
aðjþ 1Þ Kw f; d;
p
2
 	 
ð50Þ
r/
cðf; dÞ ¼ j 1
jþ 1 r/
i f; d;
p
2
 	
þ 2
jþ 1 r/
o f; d;
p
2
 	
 2lð3 jÞ
aðjþ 1Þ K/ f; d;
p
2
 	 
ð51ÞThe solutions are linear, so the resulting displacement and stress ﬁelds are found by adding the three components in iden-
tical proportion to the potentials, giving
Displacementsruckðf; dÞ ¼
j 1
jþ 1 ru
i
k f; d;
p
2
 	
þ 2
jþ 1 ru
o
k f; d;
p
2
 	
 2lð3 jÞ
aðjþ 1Þ Kuk f; d;
p
2
 	
k ¼ r; z ð52ÞStress componentsrrcijðf; dÞ ¼
j 1
jþ 1 rr
i
ij f; d;
p
2
 	
þ 2
jþ 1 rr
o
ij f; d;
p
2
 	
 2lð3 jÞ
aðjþ 1Þ Krij f; d;
p
2
 	
; ij ¼ rr; zz; hh; rz ð53ÞThe expanded forms for these solutions are not given, because they become unwieldy; practical application is computer
based, relying on the effectiveness of compiler systems to reduce the number of special function evaluations required during
a computation; for example there are 29 different Lipschitz–Hankel integrals in the expanded formula for radial stress.
3.2.7. Radial dislocation, cylindrical path cut to the surface ðber Þ
As the cut is towards the Exterior of the material a superscript ‘‘e” is used to denote this path cut. The boundary condi-
tions to be satisﬁed are essentially the same as the above solution except the path cut goes towards the surface
ðurjrðq ¼ 1; f < dÞ ¼ bcr Þ. The solution is the same combination of components except the angle is now set to a = p/2 and
there is the additional part which is the pressure to null the traction at the surface.
Potentialsrw
eðf; dÞ ¼ j 1
jþ 1 rw
i f; d;p
2
 	
þ 2
jþ 1 rw
o f; d;p
2
 	
 2lð3 jÞ
aðjþ 1Þ Kwðf; d;
p
2
Þ  BwðfÞ
 	
ð54Þ
r/
eðf; dÞ ¼ j 1
jþ 1 r/
i f; d;p
2
 	
þ 2
jþ 1 r/
o f; d;p
2
 	
 2lð3 jÞ
aðjþ 1Þ K/ f; d;
p
2
 	
 B/ðfÞ
 	
ð55ÞThe elastic ﬁelds follow the same pattern:
Displacementsruekðf; dÞ ¼
j 1
jþ 1 ru
i
k f; d;
p
2
 	
þ 2
jþ 1 ru
o
k f; d;
p
2
 	
 2lð3 jÞ
aðjþ 1Þ Kuk f; d;
p
2
 	
 BukðfÞ
 	
; k ¼ r; z ð56ÞStress componentsrreijðf; dÞ ¼
j 1
jþ 1 rr
i
ij f; d;
p
2
 	
þ 2
jþ 1 rr
o
ij f; d;
p
2
 	
 2lð3 jÞ
aðjþ 1Þ Kr
e
ij f; d;
p
2
 	
 BreijðfÞ
 	
; ij ¼ rr; zz; hh; rz ð57ÞAgain the expanded forms are not given.
4. Elastic ﬁelds
This section describes the main features of the solutions. A selection of the resulting elastic ﬁelds is shown graphi-
cally in Fig. 2 onwards. A Poisson’s ratio of 0.3 has been used throughout for the calculations. The plots display stress
components in the q–f plane. Most of the examples use a ring depth the same as its radius, ie. d = 1, and show the ﬁelds
up to q = 3 and f = 3. Displacements are shown as surface plots with height representing the displacement component,
so that the displacement discontinuities speciﬁed at the path cuts are particularly obvious; the displacements have been
normalised by the dislocation. Stresses are shown as contour plots with labels indicating the sense of the stress compo-
nents; the discontinuity of stresses in some cases is evident. The contour values of the stresses have been normalised by
the factor 2l/(j + 1).
The deformed grid plots were constructed by evaluating the displacement along evenly spaced lines and then plotting the
deformed lines. The deformation has been normalised so that the magnitude of the dislocation vector matches the length of
two square edges. In these and the contour plots, the free surface is at the lower edge, and the axis of rotational symmetry at
the left.
Fig. 2. Axial dislocation, inner path cut: deformed grid.
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region close to the dislocation line (q  1,f  d) the shapes of the contours of the stress ﬁeld are similar to the plane strain
solutions. As the view is expanded to include the axis the asymmetry with respect to the q = 1 line becomes evident because
the axis of symmetry effectively represents ‘inﬁnite radial constraint’. When the free surface is included (d becomes small)
there is additional compliance in the axial and shear components of deformation and deformation becomes concentrated
near the surface.
4.1. Axial dislocations (bz)
The deformed grid (Fig. 2) shows that overall deformation is very local to the core of the dislocation, with most of the
deformation on the surface side of the dislocation. Close in the deformations are equivalent to those of a plane disloca-
tion. The axial displacement ﬁeld (uz, Fig. 3), which is for a dislocation formed by climb within the disk of the disloca-
tion, clearly shows that the constant magnitude displacement discontinuity is as required. When the dislocation is
formed from a cylindrical cut and shear displacement, at ﬁrst sight the axial displacement ﬁeld (Fig. 4) seems quite dif-
ferent, but on closer inspection it can be seen that the gradients are the same, and that there is merely a shift in the
region between the two cut lines. Note that the solutions match at the edges of the plot. The radial displacement (plot-
ted as ur, to reveal the detail, in Fig. 5) is much smaller in magnitude and has no discontinuities on the path cut. The
peak at the dislocation position shows that the dislocation displaces generally towards the axis of symmetry for a po-
sitive Burgers vector, bz.
As the gradients of the displacements are not affected by path cut, the stress ﬁelds will be the same for any path cut. The
axial stress ﬁeld (zrzz) is shown in Figs. 6 and 7 with d = 1 and 0.25, respectively. The shear stress ﬁeld (zrrz) is shown in Fig. 8.
When the dislocation is relatively close to the surface all the features of the stress distributions are also concentrated at the
surface (the contours are the same values). It is to be expected that a steep stress gradients are present on the surface side of
the dislocation because the stresses go from singular values to zero (in the case of axial and shear) over a limited distance.
4.2. Radial dislocations (br)
The balance of the ﬁgures display information about the stress and displacement ﬁelds induced by the Somigliana dislo-
cation. First we will look at those formed by shear displacement on a disk or anti-disk in the plane of the dislocation. First,
Figs. 9 and 11 show the radial displacement ﬁelds for the inner and outer path cuts, respectively. It is clear that the discon-
tinuity on the inner path cut is proportional to radius, and the that it decays for the outer path cut. The gradients of the ﬁelds
are different, as are the stress ﬁelds. The main feature of the radial stress (rrr, Figs. 10 and 12) is the reﬂected kidney shapes
with opposite sign in each, but there is also a region next to the respective path cut of opposite sign: this stress is actually
ﬁnite although it has a discontinuity at the path cut, as permitted by the boundary conditions.
We turn, now to a radial dislocation formed using a cylindrical path cut, to the free surface. The deformation ﬁeld (Fig. 13)
gives an overview of the displacements, including the way the core is extruded toward the surface. The radial component of
displacement (ur Fig. 14) clearly shows the displacement jump across the path cut. Fig. 15 gives the axial displacement
component.
Fig. 5. Axial dislocation, cylinder path cut to surface: radial displacement zur.
Fig. 4. Axial dislocation, cylinder path cut to surface: axial displacement zuez .
Fig. 3. Axial dislocation, inner path cut: axial displacement zuiz .
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Fig. 16) is continuous at the path cut although there is a change in gradient. A new feature is the presence a zone of high
stress gradient at the surface – this occurs where the strain mismatch coincides with the zero constraint at the surface.
To highlight this feature the dislocation solution was calculated with the dislocation placed at inﬁnite depth (d?1). The
solution is equivalent to that of an oversized, ﬂush ﬁtting peg in a hole; Figs. 17 and 18 show the resulting radial and axial
stress ﬁelds. At signiﬁcant depths the stress gradients decay with increasing z, whilst near the surface the axial stress falls
smoothly towards zero, in order to render the surface traction-free. In this sense the problem is complementary to that of a
punch imposing a uniform axial pressure over the disk r < a, as is used as the corrective term (Section 3.2.5). The nature of the
Fig. 6. Axial dislocation, d = 1: axial stress zrzz.
Fig. 7. Axial dislocation, d = 0.25: axial stress zrzz.
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for the discontinuity along the path cut, the shear stress ﬁeld (rrz) for the dislocation and the distributed pressure are actu-
ally identical (Fig. 19).
5. Conclusion
The solutions developed here constitute a set of strain nuclei of wide applicability to the solution of crack and plasticity
problems for axisymmetric problems within a half-space. Potentially, they could be used to solve for several conﬁgurations
such as tubular cracks or the ‘frill’ cracks found adjacent to a Hertzian contact, although the path cuts are, at the moment
restricted to the trajectories described, and therefore it would not be possible to solve, for example, for a Hertzian cone crack.
Plasticity problems where the path cuts could legitimately be made normal to the surface may also be solved using these
Fig. 10. Radial dislocation, inner cut: radial stress rrirr .
Fig. 8. Axial dislocation, d = 1: shear stress zrrz.
Fig. 9. Radial dislocation, inner cut: radial displacement ruir .
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Fig. 12. Radial dislocation, outer cut: radial stress rrorr .
Fig. 11. Radial dislocation, outer cut: radial displacement ruor .
Fig. 13. Radial dislocation, cylinder path cut to surface: deformed grid.
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Fig. 14. Radial dislocation, cylinder path cut to surface: radial displacement ruer .
Fig. 15. Radial dislocation, cylinder path cut to surface: axial displacement ruez .
426 R.J.H. Paynter, D.AA. Hills / International Journal of Solids and Structures 46 (2009) 412–432solutions as kernels. In particular, they are ideal for use as Green’s functions to study residual stress ﬁelds within half-spaces,
including the effects of trepanning and hole drilling.
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Appendix A. Generalised Lipschitz–Hankel Integrals
At the core of the dislocation kernels are the Lipschitz–Hankel integrals. The standard deﬁnition is as an integral of the
product of Bessel functions, an exponential term and a power term. Normalised coordinate variables are used andJl;m;kðq; fÞ ¼
Z 1
0
JlðtÞJmðqtÞefttkdtwhere q = r/a, f = z/a. This integral exists for: l + m + k > 1, qP 0 (the radial coordinate) and f > 0 (the axial coordinate).
(Eason et al., 1955) give a comprehensive review of their properties and show how they can be expressed in terms of
complete elliptic integrals. We have extended the region of validity by adapting their deﬁnitions, using them for all f and
when required, making modiﬁcations to control the discontinuities that occur in some combinations of the parameters.
Complete elliptic integrals exist for all of the q  f region but do have singularities and discontinuities. We use the follow-
ing common forms for the deﬁnitions for the complete elliptic integrals of the ﬁrst, second and third kinds
Fig. 17. Radial dislocation, d =1, cylinder path cut to surface: radial stress rrerr .
Fig. 16. Radial dislocation, cylinder path cut to surface: radial stress rrerr .
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Z p=2
0
dhﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k2 sin2 h
p ðA:1Þ
E ¼
Z p=2
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k2 sin2 h
q
dh ðA:2Þ
P ¼
Z p=2
0
dh
ð1 h sin2 hÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k2 sin2 h
p ðA:3Þ
the variables of these integrals are called the: modulus (k), complementary modulus (k0) and the parameter (h), in terms of our
coordinates they arek ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4q
ðqþ 1Þ2 þ f2
s
; k0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k2
q
; h ¼ 4q
ðqþ 1Þ2
ðA:4Þ
Fig. 18. Radial dislocation, d =1, cylinder path cut to surface: axial stress rrezz .
Fig. 19. Radial dislocation, d =1, cylinder path cut to surface and distributed pressure: shear stress ðrrerz ¼ BrrzÞ.
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integrals.
A.1. The deﬁnitions
First, this is a list of the Lipschitz–Hankel integrals occurring in the solutions of the paper; only those in the last column,
with the last parameter k = 3 are new in this paper:P0;0;1 P0,0;0 P0,0;1 P0,0;2 P0,0;3
P0;1;0 P0,1;1 P0,1;2 P0,1;3P1;0;1 P

1;0;0 P1,0;1 P1,0;2 P1,0;3P1;1;1 P1,1;0 P1,1;1 P1,1;2 P1,1;3
P2;0;1 P

2;0;0 P

2;0;1 P2,0;2 P2,0;3P2;1;0 P2,1;1 P2,1;2 P2,1;3
(An asterisk is placed next to those that show a discontinuity)
For each of the deﬁnitions we indicate in which dislocation component(s) it occurs in, using the system of super- and sub-scripts used in the main text.
Note that, in several of the dislocation formulae the Lipschitz–Hankel integrals occur divided by radius. This only occurs
when m = 1. To avoid evaluation difﬁculties on the axis (q = 0) a separate expression has been found and is given in the
formulae below.
P0,0;3 occurs in: rrorr ; rrozz
It can be obtained by differentiating P0,0;2 by z
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This is derived from a recurrence equation given in (Eason et al., 1955)P2;0;3 ¼ 2P1;0;2  P0;0;3 ðA:10Þ
P2,1;3 occurs in: rrirzP2;1;3 ¼ 2P1;1;2  P0;1;3 ðA:11ÞAppendix B. Elastic ﬁelds
Elastic ﬁelds (displacement and stress) not given in the main text are given here.
B.1. Radial dislocations
B.1.1. Outer cut ðbor Þ
Displacementsruor ðf; d;aÞ ¼ 
1
jþ 1
jþ1
2 P0;1;0ðf d;aÞ  ðf dÞP0;1;1ðf dÞ
þ jþ12 P0;1;0ðf d; j a jÞ þ ðfþ jdÞP0;1;1ðf dÞ
þ2fdP0;1;2ðf dÞ
2
64
3
75 ðB:1Þ
ruoz ðf; dÞ ¼
1
jþ 1
j1
2 P0;0;0ðf dÞ þ ðf dÞP0;0;1ðf dÞ
 j12 P0;0;0ðf dÞ þ ðf jdÞP0;0;1ðf dÞ
2fdP0;0;2ðf dÞ
2
64
3
75 ðB:2Þ
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2l
ðjþ 1Þa
2P0;0;1ðf dÞ þ ðf dÞP0;0;2ðf dÞ
 ðfdÞq P0;1;1ðf dÞ þ jþ12q P0;1;0ðf d;aÞ
2P0;0;1ðf dÞ  ðfþ 3dÞP0;0;2ðf dÞ
þ ðfþjdÞq P0;1;1ðf dÞ þ jþ12q P0;1;0ðf d; j a jÞ
2fdðP0;0;3ðf dÞ  1q P0;1;2ðf dÞÞ
2
66666664
3
77777775
ðB:3Þ
rrozzðf; dÞ ¼
2l
ðjþ 1Þa
ðf dÞP0;0;2ðf dÞ þ ðf dÞP0;0;2ðf dÞ
þ2fdP0;0;3ðf dÞ
 
ðB:4Þ
rrorzðf; dÞ ¼
2l
ðjþ 1Þa
P0;1;1ðf dÞ  ðf dÞP0;1;2ðf dÞ
P0;1;1ðf dÞ  ðfþ dÞP0;1;2ðf dÞ
2fdP0;1;3ðf dÞ
2
64
3
75 ðB:5Þ
rrohhðf; dÞ ¼
2l
ðjþ 1Þa
 3j2 P0;0;1ðf dÞ  3j2 P0;0;1ðf dÞ
þð3 jÞdP0;0;2ðf dÞ
 jþ12q P0;1;0ðf dÞ  jþ12q P0;1;0ðf dÞ
 fþdjq P0;1;1ðf dÞ þ fdq P0;1;1ðf dÞ
 2fdq P0;1;2ðf dÞ
2
66666664
3
77777775
ðB:6ÞB.1.2. Inner cut ðbirÞ
Displacementsruirðf; d;aÞ ¼
1
jþ 1
jþ1
2 P2;1;0ðf d;aÞ  ðf dÞP2;1;1ðf dÞ
þ jþ12 P2;1;0ðf d; j a jÞ þ ðfþ jdÞP2;1;1ðf dÞ
þ2fdP2;1;2ðf dÞ
2
64
3
75 ðB:7Þ
ruizðf; d;aÞ ¼
1
jþ 1
 j12 P2;0;0ðf d;aÞ  ðf dÞP2;0;1ðf d;aÞ
þ j12 P2;0;0ðf d; j a jÞ  ðf jdÞP2;0;1ðf d; j a jÞ
2fdP2;0;2ðf dÞ
2
64
3
75 ðB:8ÞStressesrrirrðf; d;aÞ ¼
2l
ðjþ 1Þa
2P2;0;1ðf d;aÞ þ ðf dÞP2;0;2ðf dÞ
 ðfdÞq P2;1;1ðf dÞ þ jþ12q P2;1;0ðf d;aÞ
2P2;0;1ðf d; j a jÞ  ðfþ 3dÞP2;0;2ðf dÞ
þ ðfþjdÞq P2;1;1ðf dÞ þ jþ12q P2;1;0ðf d; j a jÞ
2fdP2;0;3ðf dÞ þ 2fdq P2;1;2ðf dÞ
2
66666664
3
77777775
ðB:9Þ
rrizzðf; dÞ ¼
2l
ðjþ 1Þa
ðf dÞP2;0;2ðf dÞ
þðf dÞP2;0;2ðf dÞ  2fdP2;0;3ðf dÞ
 
ðB:10Þ
rrirzðf; dÞ ¼
2l
ðjþ 1Þa
P2;1;1ðf dÞ þ ðf dÞP2;1;2ðf dÞ
þP2;1;1ðf dÞ þ ðfþ dÞP2;1;2ðf dÞ
þ2fdP2;1;3ðf dÞ
2
64
3
75 ðB:11Þ
rrihhðf; dÞ ¼
2l
ðjþ 1Þa
3j
2 P2;0;1ðf d; j a jÞ þ 3j2 P2;0;1ðf d;aÞ
þð3 jÞdP2;0;2ðf dÞ
þ jþ12q P2;1;0ðf dÞ þ jþ12q P2;1;0ðf dÞ
þ fþdjq P2;1;1ðf dÞ  fdq P2;1;1ðf dÞ
þ 2fdq P2;1;2ðf dÞ
2
66666664
3
77777775
ðB:12Þ
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DisplacementsKurðf; d;aÞ ¼ fa2lðjþ 1Þ
ðf dÞP1;1;0ðf dÞ
þjðf dÞP1;1;0ðf dÞ  2fdP1;1;1ðf dÞ
þ j212 P1;1;1ðf d; j a jÞ
2
64
3
75 ðB:13Þ
Kuzðf; d;aÞ ¼ fa2lðjþ 1Þ
jP1;0;1ðf d;aÞ þ ðf dÞP1;0;0ðf d;aÞ
þ j2þ12 P1;0;1ðf d; j a jÞ  jðfþ dÞP1;0;0ðf d; j a jÞ
þ2fdP1;0;1ðf dÞ
2
64
3
75 ðB:14ÞStresses 2 3Krrrðf; d;aÞ ¼ fajþ 1
 3j2 P1;0;0ðf d;aÞ þ 3j12 P1;0;0ðf d; j a jÞ
þðf dÞP1;0;1ðf dÞ þ ðjf 3dÞP1;0;1ðf dÞ
þ fdq P1;1;0ðf dÞ  fdq jP1;1;0ðf dÞ
 j212q P1;1;1ðf d; j a jÞ þ 2 fdq P1;1;1ðf dÞ
2fdP1;0;2ðf dÞ
66666664
77777775
ðB:15Þ
Krzzðf; d;aÞ ¼ fajþ 1
 jþ12 P1;0;0ðf d;aÞ þ jþ12 P1;0;0ðf d; j a jÞ
ðf dÞP1;0;1ðf dÞ  ðdþ fjÞP1;0;1ðf dÞ
þ2fdP1;0;2ðf dÞ
2
64
3
75 ðB:16Þ
Krrzðf; dÞ ¼ fajþ 1
ðf dÞP1;1;1ðf dÞ þ ðjf dÞP1;1;1ðf dÞ
 j12 P1;1;0ðf dÞ þ j12 P1;1;0ðf dÞ
2fdP1;1;2ðf dÞ
2
64
3
75 ðB:17Þ
Krhhðf; d;aÞ ¼ fajþ 1
 3j2 P1;0;0ðf d;aÞ þ 3j2 jP1;0;0ðf d; j a jÞ
þ fdq P1;1;0ðf dÞ þ j fdq P1;1;0ðf dÞ
ð3 jÞdP1;0;1ðf dÞ  2d fqP1;1;1ðf dÞ
þ j212q P1;1;1ðf d; j a jÞ
2
666664
3
777775 ðB:18ÞB.3. Surface pressure (fB)
As explained in the main text, this is the Axial traction solution with depth set to zero (d = 0) and angle argument must be
negative, i.e. away from the surface. It is essentially the solution for a constant pressure distribution over a circular region at
the surface.
DisplacementsKurðfÞ ¼ fa2l fP1;1;0ðfÞ 
j 1
2
P1;1;1ðf;aÞ
 
ðB:19Þ
KuzðfÞ ¼ fa2l fP1;0;0ðf;aÞ þ
jþ 1
2
P1;0;1ðf;aÞ
 
ðB:20ÞStressesKrrrðfÞ ¼ fa P1;0;0ðf;aÞ þ fP1;0;1ðfÞ  fq P1;1;0ðfÞ þ
j 1
2q
P1;1;1ðf;aÞ
 
ðB:21Þ
KrzzðfÞ ¼ fa½P1;0;0ðf;aÞ  fP1;0;1ðfÞ ðB:22Þ
KrrzðfÞ ¼ fafP1;1;1ðfÞ ðB:23Þ
KrhhðfÞ ¼ fa 3 j2 P1;0;0ðf;aÞ þ
f
q
P1;1;0ðfÞ  j 12q P1;1;1ðf;aÞ
 
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